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Abstract This paper presents a fundamental gaskinetic study on high speed rareﬁed jets expanding
into vacuum from a cluster of planar exits. Based on the corresponding exact expressions for one
planar jet, this paper straightforwardly derives the combined multiple jet ﬂowﬁeld solutions of density
and velocity components, however, for the combined temperature and pressure solutions, extra
attention shall be practiced. Several direct simulation Monte Carlo simulation results are provided
and they validate these analytical solutions of rareﬁed planar jet ﬂows. c© 2012 The Chinese Society
of Theoretical and Applied Mechanics. [doi:10.1063/2.1201204]
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Jet and Jet impingement are two fundamental ﬂuid
dynamics problems with numerous applications in mul-
tiple disciplines. As one of the two limiting situations,
one can ﬁnd applications of collisionless jet ﬂows in
molecular beams,1,2 chemical or electric rocket plumes,3
thin ﬁlm deposition process inside a vacuum chamber,4
and gaseous spray.
For the propulsion community, gaseous jet or plume
plays an important role. As the most important sig-
nature of a rocket, plumes can be used for radar de-
tection and performance evaluations; plume impinge-
ment has been a serious issue for spacecraft design, the
plume impingement force, torque and heat ﬂuxes must
be computed to avoid control problems, and damage
to sensitive surfaces. To study plume ﬂows, there are
several approaches, experiments, simulations, modeling
and theoretical work. In the literature, there are nu-
merous reports on all of these three approaches, for
example, the direct simulation Monte Carlo method
(DSMC)5 is an eﬀective approach to simulate rareﬁed
jet or plume ﬂows. For experimental approaches, there
have been numerous reports of experimental results
since the very beginning of the modern rocket indus-
try, which can date back to the early pioneers. As for
the modeling and analytical approaches, one practical
and popular formula is the cosine law/Simons model,6
which has been widely used for at least half a cen-
tury. That model provides only ﬂowﬁeld density dis-
tributions, far from the rocket exit, rocket nozzle ﬂow
may be treated as though it originates from a point
source. Another important established category of high
speed rareﬁed jets are free molecular ﬂows. Narasimha7
illustrated that the solutions are much complex than
the cosine law; Noller8 adopted a solid angle approach
to compute the local plume density ﬁeld from an exit.
By using discrete point sources, Brook predicted the
density ﬂowﬁeld from an annular leakage from a mis-
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sealed hatch door.9 Woronowicz et al.10 proposed a
treatment of a starting surface, based on which they
divide the highly rareﬁed plume ﬁelds as a collection of
point sources of free molecular ﬂows to compute density
and velocity ﬁelds. Cai and Boyd11–13 provided detailed
macroscopic solutions for collisionless planar and circu-
lar plume ﬂows. Recently Cai & Wang14 compared the
analytical gaskinetic collisionless plume ﬂow solutions13
and the cosine law/Simons model. It was found that
the new gaskinetic solutions perform far more better
than the cosine law/Simons model, and they can even
be used for high speed gaseous ﬂows at near continuum
regime. With a high ﬂow speed, gas molecules have less
time to diﬀuse vertically from the main ﬂow direction,
as such collisionless ﬂows are similar to high speed near
continuum ﬂows.
A cluster of gaseous jets or plumes have important
applications, such as an array of gaseous spray ducts;
multiple nozzles inside a vacuum chamber for chemical
materials processing with diﬀerent metal powders; and
plasma ﬂows from a cluster of Hall thrusters. Numer-
ical simulation models of plasma ﬂows from a cluster
of Hall thrusters have been developed to aid our studies
on spacecraft integration issues.15 There are methods to
directly simulate three dimensional plasmas ﬂows from
a cluster of two or four Hall thrusters. However, simu-
lations of three dimensional model are time-consuming
and inconvenient, and it is desirable to develop a set of
accurate, eﬃcient, analytical gaskinetic solutions to aid
our understanding on highly rareﬁed jet or plume ﬂows.
This paper adopts a cluster of two jets to demonstrate
the ﬂowﬁeld solutions, the results can be conveniently
extended to an array of jets, and the ﬂowﬁeld results
can be utilized to estimate single jet impingement at a
parallel set plate with specular reﬂection conditions.
For a high speed gaseous jet or plume ﬂow from a
planar exit, it is common to assume that the gas at the
exit is in equilibrium state which is characterized by a
Maxwellian distribution with a number density, n0, an
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exit temperature, T0, and an average macroscopic ve-
locity, U0. An approach
11 has been developed to obtain
the exact analytical solutions for high Knudsen number
jet ﬂows. The crucial point of the approach is to select
the right group of molecules which are from the exit and
can arrive at a speciﬁc ﬂowﬁeld point. The velocity do-
main at the exit is regulated with a crucial fundamental
relation of velocity direction and geometry location: for
those particles from a point (0, y) at a nozzle exit and
arrive a ﬂowﬁeld point (X,Y ), their thermal velocity
components follow the following constrained relation
X − 0
u+ U0
=
Y − y
v
. (1)
With this recently revealed relation, it is feasible to ac-
curately determine the velocity phase shape and per-
form a change of variables. As such, the standard gask-
inetic deﬁnitions lead to the solutions of density, ve-
locity components, temperature and pressure ﬁelds as
follows11
n1(X,Y )
n0
=
exp(−S20)
2π
(θ2 − θ1) + 1
4
[
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]
+
S0
2
√
π
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where A(x) = 1+erf(S0 cos(x)), S0 = U0
√
β0 is the exit
speed ratio, and subscript “1” represents free plume re-
sults, θ1 = atan[(Y −H)/X] and θ2 = atan[(Y +1)/X]
are special geometry angles with H as the semi-height
of the exit.11 The above results are for planar exit with
detailed geometry of exit height H, which is embedded
in the θ1 and θ2 implicitly; for the point source treat-
ment, no H factor is considered at all.
This section utilizes two planar jets to illustrate the
multiple planar jet situation. The results can be ex-
tended to an array of planar jets conveniently. Figure
1 depicts two planar jets. The corresponding thermal
velocity phase for a speciﬁc ﬂowﬁeld point P (X,Y ) is
illustrated by Fig. 2 with two separate regions. The re-
gion within θ3 and θ4 represents the contribution from
the upper jet, while the other within θ2 and θ1 repre-
sents the contribution from the lower jet.
It can be proven conveniently that the combined
ﬂowﬁeld from the cluster relates to the single jet prop-
erties, to be general, we assume that the two jets are not
identical, i.e, the number density n0 and temperature
T0 at the exit are diﬀerent, then
n12(X,Y ) =
∫
Ω1
f1dudv +
∫
Ω2
f2dudv =
n1(X,Y ) + n2(X,Y ), (6)
n12(X,Y )U12(X,Y ) =∫
Ω1
(u+ U0)f1dudv +
∫
Ω2
(u+ U0)f2dudv =
n1(X,Y )U1(X,Y ) + n2(X,Y )U2(X,Y ), (7)
n12(X,Y )V12(X,Y ) =∫
Ω1
vf1dudv +
∫
Ω2
vf2dudv =
n1(X,Y )V1(X,Y ) + n2(X,Y )V2(X,Y ), (8)
where f1 and f2 are Maxwellian distribution functions
for diﬀerent exits. The combined pressure ﬁelds seem
not straightforward, however it can be derived from the
Dalton’s partial pressure law, bearing in mind that the
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partial pressure is based on the combined ﬂowﬁeld ve-
locities, not from each single jet separately
P12(X,Y ) =
{∫
Ω1
[
(u+ U0 − U12)2 +
(v − V12)2 + w2
]
f1 +
∫
Ω2
[
(u+ U0 − U12)2 +
(v − V12)2 + w2
]
f2
}
dudvdw =
p1 + p2 +
m
3
[
n1(U1 − U12)2 + n1(V1 − V12)2 +
n2(U2 − U12)2 + n2(V2 − V12)2
]
, (9)
where P12, U12 and V12 are the macroscopic pressure
and velocity components of two jets, while P1, U1, V1
and P2, U2, V2 are the corresponding single jet prop-
erties. More complicated scenario is the exit speed U0
being diﬀerent from exit to exit, for that situation, the
phase velocity domains Ω1 and Ω2 do not share the
same vertex point.
During the past, without the information of exact
collisionless pressure ﬁeld solutions, diﬀerent assump-
tions were proposed. For example, it is proposed to
compute the plume pressure ﬁeld with local plume den-
sity result times the exit temperature T0; another com-
mon practice is due to the fact that the gas is highly
rareﬁed, separate pressure ﬁelds are added up to obtain
the combined pressure ﬁeld, such as a jet plume ﬂow in-
side a vacuum chamber with background pressure; and
a starter surface treatment of plumes. However, Eq. (9)
illustrates that these approaches are incorrect for the
combined pressure computations.
The previous results of single jet, from Eqs. (2) to
(5), actually provide a convenient approach to solve the
exact combined ﬂowﬁeld for multiple planar jets:
(1) From the single jet results, compute each separate
ﬁeld properties, ni, Ui, Vi and pi;
(2) Combine the density results to obtain the whole
ﬂowﬁeld density result, n;
(3) From the single jet results, compute each separate
X- and Y-momentum and divide them with the com-
bined ﬂowﬁeld density, n, to obtain the combined ve-
locity components, U and V ;
(4) From these separate pressure results, pi, and mean
velocity components of separated and combined veloci-
ties, compute the complete pressure P .
Based on the veriﬁed formulae for single jet,11 the
validation results for a cluster jets are as follows, with
a Knudsen number 100, based on the exit width.
Figures 3–6 show a comparison of theoretical and
numerical results of density, velocity components and
pressure for a cluster of two planar jet ﬂows. Because
the problem is symmetric, the simulation is performed
with one thruster by adopting a symmetric boundary
Fig. 1. Two planar jets: problem illustration.
Fig. 2. Two planar jets: velocity phase for one ﬂowﬁeld
point.
condition. The ﬂow patterns are complex, however, ex-
cellent agreement is observed.
Before the ﬁnal conclusion, some discussions are
provided as follows:
(1) For a cluster of two planar jets, it is feasible and
convenient to compute the combined ﬂowﬁeld proper-
Fig. 3. Two planar jets: normalized number density con-
tours, S0 = 1.0.
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Fig. 4. Two planar jets: normalized u-velocity component
contours, S0 = 1.0.
Fig. 5. Two planar jets: normalized v-velocity component
contours, S0 = 1.0.
Fig. 6. Two planar jets: normalized pressure contours,
S0 = 1.0.
ties with a new set of equations; the procedure can be
conveniently extended to the situation of an array of
jets;
(2) For the density, velocity components, the computa-
tion process is straightforward, however, for the com-
bined pressure results, there are several extra terms re-
lated to the mean velocities to be considered. As a
result, the traditional treatment of using discrete point
sources to compute the combined pressure ﬂowﬁeld is
incorrect;
(3) The single thruster solutions are crucial because
they can be extended to not only both rareﬁed or high
speed near continuum situations, but also they are the
foundations for multiple jets; this work further proves
the accuracy and the speed of the gaskinetic solutions;
(4) Only several gaskinetic deﬁnitions are utilized, there
is no special numerical schemes involved. It is com-
pletely diﬀerent from numerical simulations, such as
a particle simulation. Any valid numerical simulation
methods shall be able to validate these formulae;
(5) the above results can be used to estimate jet/ plume
impingement at a parallel set ﬂat plate with specular
reﬂections as well.
This paper illustrates a set of complete gaskinetic
solutions for a cluster of highly rareﬁed free planar jets
or plumes expanding into vacuum. The DSMC simu-
lations are performed to validate the analytical formu-
lae, where the characteristic length is the thruster exit
width. At high Knudsen numbers, the analytical and
numerical simulation results are virtually identical. Es-
sentially an approach of computing a cluster of highly
rareﬁed jet or plume ﬂows based on the single jet results
is established and validated. The ﬂowﬁeld properties
of density, and velocity components are straightforward
to compute, while extra attention shall be called to the
combined pressure and temperature results.
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